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1. Introduction

The power structure of finite p-groups and pro-p groups is analyzed with the
help of two series of characteristic subgroups: the power subgroups Gpi, gen-
erated by all p’-th powers of elements of GG, and the omega subgroups ;(G),
generated by all elements € G such that 27" = 1. In some circumstances,
these sets of generators already form a subgroup, in other words, every element
of GP' is a pi-th power and the exponent of Q:(G) is at most p’. This is the case
of regular finite p-groups, as P. Hall showed in his pioneering work [9], and of
potent pro-p groups for odd p, as proved by Arganbright [1] for power subgroups
and by Gonzdlez-Sanchez and Jaikin-Zapirain [7] for omega subgroups. Recall
that for p > 2 a pro-p group is potent if v,_1(G) < GP.

However, it is possible that an element of GP' is not even a p-th power and
that ©;(G) has arbitrarily large exponent, in fact ©;(G) may have elements of
infinite order in a pro-p group. For example, if P is the unique pro-p group of
maximal class, then Q;(P) = P, but P has a torsion-free maximal subgroup.
Furthermore, for every & > 1 the quotient @ = P/vip—1)42(P) is a finite p-
group and the exponent of €;(Q) is p**1. Thus it seems reasonable to ask for
conditions which guarantee that GP' and Q;(G) are not far from the situation
of the previous paragraph, in the sense that for some fixed ¢ every element of
GP' is a p"~*-th power for i > £ or that the exponent of ;(G) is at most p*+*
for all . The kind of conditions we are thinking of are inclusions of a certain
power-commutator subgroup (that is, a subgroup formed by taking commuta-
tors and powers in any order) in another power-commutator subgroup, such as
Yp=1(G) < GP or y9p-1(G) < (G’)pz. We use the term power-commutator
condition to refer to a condition of this type.

For power subgroups, Gonzilez-Sdnchez and Wilson [8] have proved that
if y,x(G) < %(G)P" with p¥ < rp® then the elements of Gr' are pi= (1) gt

k+1

powers. In particular, this holds if v,x(G) < GP . In the dual case of omega
subgroups, Easterfield [4] showed that the condition v;,—1)41(G) = 1 implies
that the exponent of €;(G) is at most p**~1 for all i. On the other hand, if
Vip—1)(G) < GP" and p is odd, Wilson [15] has proved that exp Q;(G) < p*.

Furthermore, if A = [log, k], then he also obtains that exp ;(G) < p*(@) where

i—2 k—p? . .
k+2j:0 ’Vng)—l, 1f2§l§)\,

i—A+s(A), ifi> A

s(i) =
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Note however that
r—1

A—j -1
s(i)>i+k—14 ; %, where r = min{i, A},

so Wilson’s bound for the exponent of the omega subgroups can be much bigger
than Easterfield’s bound. In the main result of this paper, we prove that, under
Wilson’s assumption, Easterfield’s bound is valid for every ¢ and for every prime
p, including in particular the case p = 2.

MAIN THEOREM: Let G be a pro-p group and let k > 1. If v,—1)(G) <
Y- (G)P" for some 1 and s such that k(p — 1) < r + s(p — 1), then the exponent
of Q;(G) is at most p"** =1 for all i. In particular, exp(;(G) < ptF=1 if
ip-1) (G) < G7".

One could ask whether it is possible to obtain the same conclusion of this
theorem by imposing a less restrictive power-commutator condition, but the

answer is negative:

(i) The subgroup in the right-hand side of the power-commutator condi-
tion cannot be made larger, in the following sense: if v(,—1)(G) <
7 (G)P" for some r and s such that k(p — 1) = r 4 s(p — 1), then the
result is false, even if we ask that the inclusion holds for every r and
s satisfying k(p — 1) = r 4+ s(p — 1). To see this, consider the infinite
pro-p group of maximal class.

(ii) If we want a smaller subgroup of the lower central series in the left-hand
side of the power-commutator condition, we cannot obtain anything
better than Easterfield’s result. Indeed, if V' is a set of words such
that the condition y,(,—1)41(G) < V(G) implies that exp Q1 (G) < pF
then necessarily V(G) = 1, and therefore vi,—1)41(G) = 1. (See
Corollary 4.4 below.) Thus the condition v4,—1)4+1(G) < V(G) does
not bound the exponent of the omega subgroups for more groups than
Easterfield’s condition does.

In order to prove our main theorem, we introduce the new concept of potent
filtration of a pro-p group G, which is a central series {N;};en of subgroups
with trivial intersection and with the property that [N;, G,271 G] < NP IEG
has a potent filtration with N; = G, we say that G is a PF-group. We think
that these concepts may be an important tool in the study of pro-p groups, with

applications to other problems apart from the one considered in this paper.
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It turns out that PF-groups are closely related to Lazard’s p-saturable pro-p
groups, which are fundamental in his seminal paper on p-adic analytic groups
[12]. More precisely, as proved in [6], p-saturable pro-p groups are a particular
type of PF-groups, namely those finitely generated and torsion-free.

It is worth mentioning that the main theorem above follows easily once it is
proved for finite p-groups. Indeed, if G is a pro-p group satisfying v,—1)(G) <
7-(G)P" for some 7 and s such that k(p — 1) < r + s(p — 1), then the same
condition also holds in every finite quotient G/N of G. Assuming the result
T 2 1 for all i. Tt follows

that QZ-(G)”HF1 < N for every open normal subgroup N of G, and conse-

is true for finite p-groups, we have Q,;(G/N)?

quently Qi(G)piMf1 = 1. Thus we could restrict ourselves to finite p-groups
all throughout the paper. However, due to the interest that the concepts of
potent filtrations and PF-groups may have for arbitrary pro-p groups, we have
preferred to work generally in the context of pro-p groups.

Let us finally describe the structure of this paper. We devote Section 2 to
the power-commutator calculus with closed normal subgroups of pro-p groups,
obtaining formulas that will be used extensively throughout the paper. In Sec-
tion 3, we establish the main properties of potent filtrations and PF-groups.
Then we set this machinery to work and prove our main theorem in Section 4.

NoTATION: We use standard notation in group theory. If G is a pro-p group
then all subgroups of G considered will be understood in a topological sense,
so when we write a subgroup generated by a subset of G, a verbal subgroup of
G, etc., we always mean the topological closure of the corresponding abstract
subgroup. In particular, we have to modify slightly the definition of power
subgroups and omega subgroups given at the beginning of this introduction in
the pro-p setting. Also, every power-commutator condition in a pro-p group is
understood in a topological sense. Note however that if an inclusion V(G) <
W(G) between two abstract verbal subgroups holds in a pro-p group G, then it
is also satisfied in all finite quotients of GG, and consequently it also holds in G
between the corresponding topological verbal subgroups.

Remark: Part of the results of this paper are included in the Ph.D. thesis of
the second author [5].
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2. Power-commutator calculus

In this preliminary section, we collect a number of formulas that express general
relations holding between commutators and powers of normal subgroups in a
finite p-group or, equivalently, of closed normal subgroups in a pro-p group.
All these formulas are a consequence of one single result, the so-called Philip
Hall’s collection formula. If F' is the free group freely generated by two
symbols z and y, Hall’s formula states that there exist words ¢;(z,y) € ~v;(F)
such that

n n

(1) (wy)" = 2"y ea(w, ) Des(,9)E) - (@) Den(a,y)

for all n € N. (See Theorem 9.4 in Chapter IIT of [10].) Tt follows that this
formula holds generally for any elements x, y of any group G, with every ¢;(z,y)
lying in 7;({x,y)). Recalling that the binomial coefficient (p;) is divisible by
ph=7 for p? <i < pIt1 we get the following well-known result (see, for example,
Lemma 1.1 in Chapter VIIT of [2]).

THEOREM 2.1: Let G be a group and let x, y be two elements of G. Then, for
all k>0,

2)  (ay)” =2y (mod yo(H)P yp(H)P e (H)P -y (H)),
where H = (z,y), and
3) [yl ="yl (mod y2(L)P yp (L) e (L) e (L)),

where L = (z, [z,y]).

Proof. Simply note that (3) is a consequence of (2), since [x,y] = 2~ 1a¥. |

We can use formulas (2) and (3) for elements in order to derive congruences
for power-commutator subgroups of closed normal subgroups in a pro-p group.
When we write a congruence H = K (mod L), with L a normal subgroup, we
mean that HL = KL. Now if H, K and L are closed subgroups of a pro-p
group G, the equality HL = KL holds if and only if HLN = KLN for every
open normal subgroup N of G, which in turn is equivalent to the congruence
H = K (mod L) in the finite p-group G = G/N. For this reason, in the proof
of the following theorems we will always set ourselves from the beginning in the
case that G is a finite p-group. This has the advantage of allowing induction
arguments. First we need a simple lemma.
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LEMMA 2.2: Let G be a finite p-group and let N and M be normal subgroups
of G. If N < M[N,G|NP?, then N < M.

Proof. We may assume that M = 1. If N # 1 then we can take a normal
subgroup K of G such that |N : K| = p. Then [N,G|N? < K is properly
contained in NV, which is a contradiction. |

THEOREM 2.3: Let G be a pro-p group. If G = (X) then, for all k > 0,

G* =@ |z eX) (mod va(G) (G -y (G)).
Proof. If x1,...,x, € X, we need only show that (x1--- zr)pk and as’fk 'uasfk
are congruent with respect to the modulus in the statement of the theorem.
This follows immediately by induction on r, with the help of formula (2). |

In the remainder, we use the symbol [H, , K] to denote the commutator sub-
group [H, K, ..., K], with K appearing n times.

THEOREM 2.4: Let G be a pro-p group and let N and M be closed normal
subgroups of G. Then

NP, M) = [N,M]""  (mod [M,,NJ*" "[M,2NJ"""" - [M, . N)).

Proof. By formula (3), for every n € N and every m € M we have

1 2

" m] € [N, MP*[M, ,NJ”" "' [M, 2 NJP* " . [M, o N,

which implies that [Npk,M ] is contained in this product of subgroups.

In order to prove the other inclusion of the congruence, we use induction
on the order of N. Since [N, M] is generated by the commutators [n,m] with
n € N and m € M, by combining Theorem 2.3 and (3) we get that

[N, MJ”" <[NP, M][M, N, NJ?" [M, ,N]?"" ... [M, & N].
Now, by the induction hypothesis,

k—r

[NapT[M’N]]p

Ea-

[M,N,NJ”" < [[M,N]”",N]

%
Il
—

k

(M, NP NTTT (M, NP

IN
'E”

3
Il
—
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Consequently
k k k k k—r
[NaM]p S[Np aM][[NvM]va]H[M’pTN]p 775

r=1

and the result follows from Lemma 2.2. [ |

If we want to work with commutators of arbitrary length, the formulas get
too complicated and it is easier to suppose that all but one of the subgroups
involved are equal to the whole group. We give two congruences, one with
powers outside commutators in the modulus, and the other one with powers

inside commutators.

THEOREM 2.5: Let G be a pro-p group and let N be a closed normal subgroup
of G. Then the following congruences hold for every k,{ > 0:

(i) [N?",,G) = [N, G (mod [[i_ [N, preaGPP" ),

. k k ko

(if) [N?",¢G] = [N, G"" (mod [T;_; [N, (p1)4¢G))-

Proof. (i) We argue by induction on ¢, the case £ = 0 being trivial. Assume

theri £>1. Let T = H;:l [N, er,lG]p’ﬁT. By the induction hygo‘ghesis,
[NP" 1 1G] = [N,¢-1G]?" (mod U), where U = Hle [N, pre—2GJP" ", and

consequently [Npk,gG] = [[N, g,lG]pk,G] (mod [U, G]). On the other hand, by
applying Theorem 2.4, we obtain that [[IV, g,lG]pk,G] = [N,gG]pk (mod T),
thus it suffices to prove that [U,G] < T. For this purpose, consider a general
factor [N, pre—2G]P" ", G] in [U, G]. Again by Theorem 2.4, we have

B
|
<

T

[N e 2GP " G < TT (G pe [N, pry 02 G

—r—s

> o
[l
s o

—r—s

k
[[N7 ;vT+€—1G]apS—1 [N, pT+€—2G]]p

Il
> w
I
s o

k—r—s

[N, p”rlflG]’ ps—17Vpr+L—1 @)P

IA
i
o

Since [K,7,;(G)] < [K,;G] for any normal subgroup K of G (see Lemma 4.9 in
[11]), it follows that

[[N7pT-i-Z—lG];pS—l'YpT-l-é—l(G)] < [N; pS(pTJréfl)G] < [Na pr+5+€71G]-

Therefore [[N, er,QG]p’PT, G] < T and we are done.
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(ii) We use induction on k. Let V' = Hf_:l [Npkfr,,.(p_l)HG]. According to
(i), we need only show that T < V. For 1 < r < k, the induction hypothesis
yields that

T k—r

k—r
[N, prye1GIF = [N e1G <m0dH [Npkrsas(p—l)-‘rl)r-i-é—lG])'
s=1

Since s(p—1)+p"+£€—1 > (r+s)(p—1)+¢, it follows that [N, pr+¢_1G]pk7T <V.
Thus T' <V, as desired. |

In the last theorem, one could expect that the congruence in (ii) could be
improved by changing the subgroup in the modulus for a smaller one, fol-
lowing the same rule as in (i), where the number of times that G appears
in the commutators varies exponentially and not linearly with r. In other
words, it seems reasonable to ask whether the congruence [V vt «G) =[N, gG]pk
(mod [y, [N
consider the following example.

,pr+¢—1G]) holds or not. To see that the answer is negative,

Example 2.6: Let p be an arbitrary prime and consider a homocyclic group
H = (x1) X - -+ x (x9,) of exponent p?. For convenience, write z; = 1 for i > 2p.
Then the rule z; — z;x;,1 defines an automorphism o of H of order p3. Let
G be the corresponding semidirect product of () and H. Thus G has order
pts,

The subgroup N generated by « and all the x; with ¢ > 2 is then a normal
subgroup of G. It is clear that [N, G]p2 = 1, and one can check without much
difficulty that [N?*, G| = (T 15 Thy)y [NP,pG] < (p 1 Tap, T o, -5 )
and [N,,2G] = 1. Thus [N, G)P* and [N?",@] are not congruent modulo
[N?, ,G][N, ,2G].

However, in the next sections, when we use the power-commutator formulas
of Theorem 2.4 and Theorem 2.5 (i) in the context of potent filtrations, it will
be enough to work with bigger moduli in which the number of times that G
appears in the r-th subgroup is basically r(p — 1) instead of p", as it happens
in Theorem 2.5 (ii). For example, most of the times that we use Theorem 2.4,
we do it in the following form:

k
N?", M] = [N, M]”" (modH (M, ,.(,,_1)+1N]P“>.
r=1
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THEOREM 2.7: Let G be a pro-p group and let N be a closed normal subgroup
of G. If N = (X)) then

k
5ZG H Pk*T?’r(p—l)-‘reG]?

where P, = (z¢' |z € X)©

Proof. We argue by induction on k. By (ii) of Theorem 2.5,

7€G H ar(pfl)JréG]-

For this reason, it suffices to prove the theorem for the case ¢ = 0.
According to Theorem 2.3, NP* < P, T, where

k k
k k—r k k—
T= [NvN]p H ,YI)T(N)I) < [N,N];D H[er(pfl)G]p
r=1 r=1

We now apply part (ii) of Theorem 2.5 to all the commutators in the last
expression in order to get that

k
k k—r
NI IN" 7, -n)Gl.

r=1

Then, by the induction hypothesis,

k
k
N] H [Pk—7'7 r(pfl)G]'
r=1
Thus
k k b
N?" < NP NI T [Peers rip-1) G
r=0
2 |

and the result follows from Lemma 2.2.

For our purposes, the most important instance of Theorem 2.7 corresponds
to the case when NN is an omega subgroup.

COROLLARY 2.8: Let G be a pro-p group. Then

k
[ 7€G S H i— ’l“ (k r)(p— 1)+€G]



402 G. A. FERNANDEZ-ALCOBER ET AL Isr. J. Math.

Proof. We have ;(G) = (X), where X = {g € G : g = 1}, and for this set of
generators, P, = (27" |z € X) < Q;_.(GP"). |

3. Potent filtrations

In this section we develop the basics of potent filtrations, a concept which is
key to the proof of our main theorem.
Let G be a pro-p group. We say that a family {N;}ien of closed subgroups
of GG is a potent filtration of G if the following conditions hold:
(i) N; < N; forallz>j,
(ii) szN =1,
(iil) [Ny, G] < N, for all 4,
(iv) [Ni,p-1G] < N/, for all i.

For easiness of notation, we will write {N;} instead of {N;};en. If there is
a potent filtration of G beginning at a subgroup N, we say that N is PF-
embedded in G, and we call G a PF-group if it is PF-embedded in itself.

Note that the concept of PF-group is a generalization of that of potent pro-p
group (and consequently also of powerful pro-p group). More generally, the
pro-p groups satistying v,(G) < ®(G)P are PF-groups: by Lemma 4.4 in [§],
if Yp(G) < Dipt1(G), then [Dy(G), p—1Dk(G)] < Dypya1(G)P for all n > k, so
that D, (G) is PF-embedded in Dy (G). Recall that the subgroups Dy (G) are
defined by means of the formula

= H 7 (G)P
ipi >k
These are called the dimension subgroups of GG, and they play an important
role in the theory of pro-p groups, see Chapter 11 of [3]. If there is no possible
confusion, we will write simply Dy, instead of Dy(G).
Interestingly, the property of being a PF-embedded subgroup is hereditary
for quotient groups.

ProposITION 3.1: Let G be a pro-p group and let N be a PF-embedded sub-
group of G. Then N/K is PF-embedded in G/K for every closed normal sub-
group K of G.

Proof. It suffices to note that ),y NiKK = ((;eny Ni)K = K, where the first
equality follows from Proposition 2.1.4 (a) of [14]. |
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In the following two propositions we prove some basic properties of potent
filtrations.

PROPOSITION 3.2: Let G be a pro-p group and let {N;} be a potent filtration
of G. Then:
(i) [N?,G] = [N;, G for all i.
(ii) {[Ni, G]} is a potent filtration of G.
(iii) {N?} is a potent filtration of G.
Thus if N is PF-embedded in G, then [N, G| and NP are also PF-embedded
in G.

Proof. (i) We may assume that G is a finite p-group, and in this context we
may argue by reverse induction on i. According to Theorem 2.4, the subgroups
[N?,G] and [N;,GJP are congruent modulo [N;,,G]. Since {N;} is a potent
filtration, we have [N;, ,G] < [N_;,G]. Now, by the induction hypothesis,
[N/ 1,G] = [Nit1,G]? and we are done.

(ii) The first three conditions in the definition of potent filtration are clear,
and the fourth condition follows from (i):

[[Ni, G, p—1G] < [N} 4, G] = [Nit1, GIP.
(iif) Simply note that, by parts (i) and (ii), [N}, G] = [N;, G]P < N/, and
[Nz'pap—lG] = [Niap—lG]p < (Nﬁrl)p- n

PROPOSITION 3.3: Let G be a pro-p group and let {N;} be a potent filtration
of G. Then for all g € G and all x € N,
(gz)? = ¢gPxP  (mod N/, ,).

Proof. This is a direct consequence of Hall’s collection formula and the defini-
tion of potent filtration. |

We next see that PF-groups and PF-embedded subgroups have a nice be-
haviour with respect to taking p-powers.

THEOREM 3.4: Let G be a PF-group. Then GP' = {gpi : g € G} for all i.

Proof. Again, it suffices to deal with the case where G is a finite p-group. Note

also that, by Proposition 3.2, we only need to prove that G? = {¢* : g € G}.
Let {N;} be a potent filtration such that G = Nj. It suffices to prove,

by reverse induction on 4, that xPyP is a p-th power for every z € G and
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y € N;. This follows immediately from the last proposition by applying (twice)
the induction hypothesis. |

COROLLARY 3.5: Let GG be a pro-p group and let N be a PF-embedded subgroup
of G. Then [N?',GP’'IP" = [N,G]P"""" for all i, j,k > 0.

Proof. First of all, it is clear from the last theorem and Proposition 3.2 that
[N?', G]pk = [N, G]ka. Then it suffices to prove that [N,GP’] = [N, G]P’. We
prove this equality in the case that G is a finite p-group, by induction on the
order of N. Let {N;} be a potent filtration of G beginning at N. By Theorem
2.4,

j—1

4)  INGTI= NG (mod [N, G [N, 111 Gl).
According to the first mentioned property, this modulus is contained in [Na, G]pj.
By the induction hypothesis [Na, GJ?" = [No, GP’], and consequently (4) implies
that [N,GP'] = [N,G)”". &

We can also use Theorem 3.4 to provide an alternative proof to the result
of Gonzélez-Sédnchez and Wilson for power subgroups mentioned in the intro-
duction. Now that we have defined dimension subgroups, we can state this
result as in Theorem 4.7 of [8]: if G is a pro-p group such that v,x(G) < Dk iy

i—(k=1) g power for all i > k — 1. For the

then every element of GP' is a P
proof, simply recall that, as indicated before Proposition 3.1, the condition
Ypr (G) < Dpiyq implies that Dpx—1 is a PF-group.

The following theorem is a fundamental tool in our study of the power struc-
ture of pro-p groups via PF-embedded subgroups. It is inspired by a similar

result for potent groups, see Theorem 4.1 in [7].

THEOREM 3.6: Let G be a pro-p group. Then for every closed normal subgroup
K of G there exists a closed subgroup T of G, which contains K, satisfying the
following two properties:

(i) If N is PF-embedded in G then N NT is PF-embedded in T. More
precisely, if {N;} is a potent filtration of G then {N; N T} is a potent
filtration of T'.

(ii) For every PF-embedded subgroup M of T, we have [Mpi,ij]pk =
[MP" KPP wheneveri+j+k=r+s+t> 1.
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Proof. Let 7 be the family of all closed subgroups of G containing K and
satisfying property (i). Note that 7 is not empty, since G € 7. We claim
that 7 has minimal subgroups. By Zorn’s Lemma, we need only consider a
chain {T}} of subgroups in 7 (ordered by reverse inclusion) and prove that
T = [; T also belongs to 7. Choose then a potent filtration {N;} of G
and let us see that {N; NT} is a potent filtration of T. For this purpose, we
take x € [N; NT,,_1T] and prove that = t? for some ¢t € N,11 NT. Since
z € [N;NTy,p1Tj] < (Niy1 NT5)P, we can write z = ¢ with ¢; € Ny NT;
(recall Theorem 3.4). We now define F; = {t; € N;11 NT; : 1§ = x}. Since
N;+1 and Tj are closed in G and taking powers is continuous on G, it follows
that Fj is a non-empty closed subset of G. Note that the family {F}} of closed
subsets has the finite intersection property. Indeed, since {7}} is a chain, for
any finite collection of indices ji,...,J, there exists an index jx such that
T;, N---NTj, =Tj,, and consequently F; N---NF}; = F}, is non-empty. Since
G is compact, there exists at least one element ¢ in the intersection of all F}. It
follows that ¢t € N;+1 NT and t? = x, as desired.

Let T denote in the remainder a minimal subgroup in the family 7. We need
only show that T satisfies (ii). First we prove that [M?", T] = [M?", K] for every
M PF-embedded in T and every r > 1. Since M P""" is also PF-embedded in
T and K is contained in T, it suffices to see that [MP,T] < [MP, K]. Suppose
by way of contradiction that this inclusion does not hold for some M. Then it
must fail in some quotient G/V, where V is a normal open subgroup of G. Let
{M;} be a potent filtration whose first term is M. Since G/V is finite, there
must be an index j such that [M7,T] £ [M}, K|V but [M},,,T] < [M},,, K]V.
Define then

T ={teT: [M]P,t] < [Mf,K]V},

in other words, T* is the centralizer in 7' of M}V/[M?, K|V. Thus T" is a
proper closed normal subgroup of T containing K. Given a potent filtration
{N,;} of G, we next prove that {N; NT*} is a potent filtration of T*, which is a
contradiction with the definition of T'. Choose z € [N; N T*, ,_1T*] and let us
see that © € (N;;1NT™*)P. Since [N;NT™, 1 T7*] < [N;NT, p—1T] < (Nig1NT)?,
we can write x = t? with t € N;;1 NT and it suffices to see that t € T*. Now,
by congruence (3) in Theorem 2.1,

(M7, 1] < [M;, ¢7][M;, T, TPP[M;, pT] < [Mj, x][M7

j+1aT] < [Mjaz][MP K]V’

J+1
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and on the other hand, since z € ,(T),

T) < [MP,,, K]V.

[Mj, x| < [Mj,7p(T)] < [Mj, ,T] < [MF 41

1

Hence [M7,t] < [M},,, K]V and t € T*, as desired.
Next we show that [MP", K] = [M,K]P" = [M,K?"] for every r > 0. Of

course, we may assume r > 1 and that G is a finite p-group. Now
(M K] = M, K" = [M,K""] (mod [M,,T"" - [M, ,p1)1171),

and this modulus is contained in [MZ",T], which coincides with [MZ? , K] as
seen above. Thus the result follows by induction on the order of M.

Now we can conclude the proof of (ii), since for i +j+k=r+s+t>1, we
have

r4+s+t r4+s+t

M7 KPP = P K] = e ) = e T

by the results in the last two paragraphs and Corollary 3.5. |

4. The exponent of the omega subgroups

In this final section we prove the main theorem of our paper, and also East-
erfield’s result mentioned in the introduction, with the help of the following
theorem, which shows the influence of a PF-embedded subgroup on the expo-

nent of the omega subgroups of a pro-p group.

THEOREM 4.1: Let G be a pro-p group having a PF-embedded subgroup N
such that vj,—1)(G) < N, where k > 1. Then 0GP =1 for all i.

Proof. Choose a closed subgroup T of G containing 2, (G) and satisfying prop-

erties (i) and (ii) of Theorem 3.6. Thus €;(G) = Q;(T'). Call M = NNT, which

is PF-embedded in T". Note also that vj,—1)(T) < V(-1 (G)NT < NNT = M.
By Corollary 2.8 and Theorem 2.5, for every j > ¢ we have

i—1 i—1
QT < H (e (TP, oy (p—1)T) < H [T%", (j—ryo-1)T]
r=0 r=0
1—1
(5) < H Y-y p—1)+1 (TP
r=0
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In particular,

1—1
AU < T virk—ryon 1 (TP < H (M, (i—ryp1) 41717
: r=0

where the last equality follows from (ii) in Theorem 3.6. Now let {M;} be a
potent filtration of 7" whose first term is M. By using (5) again, we have

i—1 i—1
[M, Ql(T)p] [M Yi—r)(p— 1)+1(T)pT] ]:[[M (i—r)(p— 1)+1T]
r=0 r=0
1—1
[sz T+1’T]p
r=0

i

= MQ,T]pi = [Ma, (TP ].

By repeating this argument, we get that [M, Q;(T)?'] < < [M;, Qu(T)P ] for all j.
Since the subgroups M; intersect trivially, it follows that [M,;(T)P'] = 1 and
'L+k:

therefore also that Q;(T)? = = 1. n

i+1

COROLLARY 4.2: Let G be a pro-p group. If G is a PF-group then Q;(G)P " =
1 for all 1.

As the following example shows, we cannot assure in general that Qi(G)pi =
in a PF-group, even if we know by Theorem 3.4 that every element of G? is a
pi-th power. Thus the previous corollary is best possible.

Example 4.3: Let p be an arbitrary prime and let n be any positive integer.
Consider the abelian group H = (1) X --- X (xp), where z; is of order p"
for 1 <43 <p—1 and z, is of order p"*t1. Then the rules x; — xz;z;41 for
1<i<p—-2,2p_1— zp,lacg and x, — z, define an automorphism o of H of
order p™. Let G be the corresponding semidirect product of () and H. Then

p (3) G (%)

p" _ . p" _
(az)P = o} zy x," 5w =z,
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with A not divisible by p. Thus Q,(G)?" # 1. Note however that G is a PF-
group, since the series Ny = G, N; = (z;,...,xp) for 2 < i <p, and Np4q1 =1
defines a potent filtration of G.

Next we prove Easterfield’s result and see that it is best possible if we want to
use the subgroup 7x(p—1)+1(G) in the left-hand side of the power-commutator

condition.

COROLLARY 4.4: Let k > 1. Then:

(i) If G is a pro-p group and Yy(p—1)+1(G) = 1 then Qi(G)piMf1 =1 for
all 7.
(ii) If V is a set of words such that all pro-p groups satisfying

Trp-1)+1(G) < V(G)

have the property that exp Q(G) < p*, then necessarily V(G) =1 in
these groups.

Proof. (i) Again, it suffices to deal with finite p-groups. If k = 1, then G has
class less than p. Thus G is regular and Qi(G)pi =

Suppose in the remainder that & > 1. Since v4,—1)(G) is central in G, we
can choose an abelian group A such that AP = ~;,_1)(G) and then construct
the central product P of G and A corresponding to this isomorphism. Define
Ni = Yk=1)(p—1)+i—1(G)A. It is straightforward to check that {N;} is a potent
filtration of P. Since y(x—1)(p—1)(P) < N1, we deduce from Theorem 4.1 that
Q. Pyt

(ii) Suppose, by way of contradiction, that there exists a pro-p group G such
that Vi(p—1)+1(G) < V(G) and V(G) # 1. We may assume that G is a finite
p-group. Choose a normal subgroup N of G such that |[V(G) : N| = p and
define L = G/N. Then V(L) has order p and 7p—1)41(L) < V(L). Let now
@ be the group of maximal class of order p*®~=1*2 defined in the introduction,
and consider the central product P of L and @ that identifies V(L) with Z(Q).
Then Yip—1)+1(P) = V=141 (L) Vrp—1)+1(Q) < V(L)Z(Q) = V(L) < V(P),
but Ql(P)pk is non-trivial, since it contains Ql(Q)”k. This contradiction proves
the result. |

=1 for all 7, and the result follows.

Now we introduce a family {E}} of subgroups in a pro-p group, which is
similar in its definition to the dimension subgroup series. In the same way that
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dimension subgroups have applications to the study of power subgroups, the
subgroups E}, will reveal very useful in the dual study of omega subgroups.

Definition 4.5: Let G be a pro-p group. For any pair k, r of positive integers,
we define the subgroup

EjG) = [ @

iti(p—1)>k
i>r

If there is no risk of confusion, we will simply write £} instead of EJ(G). Also,
we usually write Ej, in place of E}.

It is easy to check that Ey < Dy and D,x < Erp—1)+1- These inclusions will
be used later on.

In our next lemma, we study the behaviour of the subgroups E} with respect
to powers and commutators.

LEMMA 4.6: Let G be a pro-p group. Then:
(i) [E},G) < BLEL
(i) (Bp)P < Efyp,—y and By, < (Ep)PVk4p-1(G). Furthermore, the
last inclusion is an equality if r < k+p — 1.
(iil) If w(G) < Ej .., then Wm(G) < By for all n > k and E], =
(Ep_ps1)? forn >k and n > p.
(iv) [E;, Ef] < By

Proof. By Theorem 2.4, we have

j—m

| j o
[’Vi(G)pij] < H [’Yi(G)ﬂm(p—l)-l-lG]p - H 77n(p—1)+i+1(G)p )

m=0 m=0
which is contained in E;ﬂ if i +j(p—1) > k and ¢ > r. This proves that
[EL, Gl < E;ci}, and (i) follows.

For the first inclusion in (ii), consider the group H = E}/E}, | and observe
that HP = 1: H is clearly generated by elements of order p and on the other
hand v,(H) = 1, since [E},,-1G] < Ef,, ; by (i). The second inclusion is
clear, and it readily follows that we have an equality if r < k +p — 1.

The inclusion 7v,(G) < Ej,; is immediate from (i). Let us see that E] <
(E,’;_p +1)P. We may assume that G is a finite p-group. Then it suffices to apply

reverse induction on n, since by (ii),

E;, < (E;7p+1)p’yn(G) < (E;{prrl)pE;H-
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Let us finally check that (iv) holds. By using Theorem 2.4 together with (i)
and (ii), we have

o o
B (G < T R mp—nau (@17 < T Bk imp—1)+:G1

j—m

m=0 m=0
! (p—1)
r+im(p—1)+i 414
< I Eime-niirG-me-n < Bitisio-1-
m=0

If i+ j(p—1) > ¢ and ¢ > s, this subgroup is contained in E,:ij, and (iv)
follows. |

Lazard proved in [12] that a finitely generated pro-p group such that
1 (G) < GP" with k < p" is p-adic analytic. In a similar fashion, we have
the following result.

PROPOSITION 4.7: Let G be a finitely generated pro-p group. If vi(G) < Eg41
for some k, then G is p-adic analytic.

Proof. By applying the previous lemma, we have v,(G) < E,11 < Dp4q for
all n > k. If L is the graded Lie algebra over F, associated to the dimension
subgroup series of G, it follows from [3, Lemma 11.11] that L is nilpotent. By
Interlude A of [3], this means that G is p-adic analytic. |

We can finally proceed to the proof of our main theorem, stated in a somewhat

more general version than in the introduction.

THEOREM 4.8: Let G be a pro-p group such that vi,—1)(G) < Epp_1)41-
Then Qi(G)p#ki1
an abstract subgroup, which is a finite p-group if G is finitely generated.

= 1 for all i. In particular, the torsion elements of G form

Proof. As usually, we deal with finite p-groups. If & = 1 the assumption is
that v,—1(G) < E, = GP7,(G). According to Lemma 2.2, this is equivalent to
Yp—1(G) < GP. Thus G is trivial for p = 2 and G is potent if p > 2. In the
latter case, the result that €;(G)P' = 1 has been established in Theorem 1.1 of
[7].

Suppose then that k£ > 1. By Theorem 4.1, it suffices to show that E_1)—1)
is PF-embedded in G. We will use without further mention the properties of
the subgroups Ej given in Lemma 4.6. Let c be the nilpotency class of G. For
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every £ > (k —1)(p — 1), consider the following refinement of E; > Epy:
(6) Ey=E}Ers1 > EfEp1 > E}Epy1 > -+ > EfEpq > ESV Egpq = Epyq.

Since [Ej,G] < Ej |, this series is central. On the other hand,

[Ef,p-1G] < E;iﬁ:ll < (B PP y04p-1(G) < (BT By

= (BN (Eea)? < (B) T By )P,

and
[Eet1,p-1G] < Epyp = (Eeg1)".

Hence the series (6) satisfies properties (i), (iii) and (iv) of the definition of
potent filtration. Thus if we connect these series for all £ > (k —1)(p — 1), we
get a potent filtration of G beginning at E_1),—1), as desired.

It is now clear that the torsion elements of G form a subgroup, call it T'. If
G is finitely generated, we know from Proposition 4.7 that GG is p-adic analytic.
According to Interlude A of [3], it follows that G has an open uniformly powerful
subgroup U. In particular U is torsion-free, and consequently || = [T : TNU| <
|G : U| is finite. Thus T is a finite p-group, which concludes the proof. |

Remark 4.9: The torsion subgroup T need not be closed in G in Theorem 4.8,
as shown by the trivial example of the unrestricted direct product of the cyclic
groups Cpn for all n € N. On the other hand, suppose that G is an arbitrary p-
adic analytic pro-p group. Then the set T of torsion elements is always closed,
even if it need not be a subgroup nor finite: simply note that the orders of
the elements of T are bounded by the index of a uniformly powerful subgroup.
Furthermore, if T is a subgroup, then the argument in the last paragraph shows
that T is a finite p-group.

What can we say about the power subgroups of a pro-p group satisfying the
condition vi(p—1)(G) < Ej(p—1)41 of the previous theorem? Let £ = [log, k|.
Then p*™' > k(p — 1) and, according to Lemma 4.6 (iii), vye+1(G) < Epes1yq <
De+141. Tt follows from Theorem 4.7 of [8] that every element of GP'isa pi~!-th
power for ¢ > £. Thus power subgroups behave better than omega subgroups,
a phenomenon that one also encounters in other situations: for example with
powerful pro-2 groups, and more generally with PF-groups for an arbitrary
prime, or in Mann’s paper [13].
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OPEN QUESTION: The remark made in the introduction after the statement
of our main theorem shows that, if we want to assure that expQ;(G) < p*,
Ex(p—1)+1 cannot be replaced in the power-commutator condition by a big-
ger subgroup E; (that is, with ¢ < k(p — 1)). Inspired by Corollary 4.4 (ii),
the following question arises: is it possible to replace Ej,_1)41 by any other
bigger verbal subgroup V(G)? In other words, if all pro-p groups satisfying
Yip—1)(G) < V(G) have the property that Ql(G)pk = 1, does it follow that
V(G) < Ej(p—1)+1 in these groups? Note that Wilson has proved [15, Proposi-
tion 3.6] that exp ;(G) < p* under the condition Yip—1)(G) < Dyi, but this
is worse than our main theorem, since D, < Ej(,—1)41 in any group.
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